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Abstract 

An irreducible canonical approach to second-order reducible second- 
class constraints is given. The procedure is exemplified on gauge-fixed 
three-forms. 

1 Introduction 

The canonical approach to systems with reducible second-class constraints 
is quite intricate, demanding a modification of the usual rules as the matrix 
of the Poisson brackets among the constraints is not invertible. Thus, it is 
necessary to isolate a set of independent constraints and then construct the 
Dirac bracket [H [2] with respect to this set. The split of the constraints 
may lead to the loss of important symmetries, so it should be avoided. As 
shown in [3l HI O [6l O [8], it is however possible to construct the Dirac 
bracket in terms of a noninvertible matrix without separating the indepen- 
dent constraint functions. A third possibility is to substitute the reducible 
second-class constraints by some irreducible ones and further work with the 
Dirac bracket based on the irreducible constraints. This idea, suggested in 
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mainly in the context of 2- and 3-form gauge fields, has been developed in 
a general manner only for first-order reducible second-class constraints [TD] . 

In this paper, we give an irreducible approach to second-order reducible 
second-class constraints. Our strategy includes three main steps. First, we 
express the Dirac bracket for the reducible system in terms of an invertible 
matrix. Second, we construct an intermediate second-order reducible second- 
class system on a larger phase space and establish the equality between the 
original Dirac bracket and that corresponding to the intermediate theory. 
Third, we prove that there exists an irreducible second-class constraint set 
equivalent to the intermediate one, such that the corresponding Dirac brack- 
ets coincide. These three steps enforce the fact that the fundamental Dirac 
brackets derived within the irreducible and original reducible settings coin- 
cide. 

The present paper is organized into five sections. In Section [2|, we briefly 
review the procedure for first-order reducible second-class constraints. Sec- 
tion [3] is the 'hard core' of the paper. Here, we approach second-order re- 
ducible second-class constraints by implementing the three main steps men- 
tioned above. In Section HJ we exemplify in detail the general procedure from 
Section [3] in the case of gauge-fixed three-form gauge fields. Section [5] ends 
the paper with the main conclusions. 

2 First-order reducible second-class constraints: 
a brief review 

2.1 Dirac bracket for first-order reducible second-class 
constraints 

We start with a system locally described by canonical pairs z'^ = {q^,Pi), 
subject to some constraints 



For simplicity, we take all the phase-space variables to be bosonic. However, 
our analysis can be extended to fermionic degrees of freedom modulo includ- 
ing some appropriate phase factors. We choose the scenario of systems with 
a finite number of degrees of freedom only for notational simplicity, but our 
approach is equally valid for field theories. In addition, we presume that 




(1) 
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the functions Xao are not all independent, but there exist some nonvanishing 
functions Z°'° such that 



^XXao = 0, ai = l,...,Mi. (2) 

Moreover, we assume that Z"^^ are all independent and ([21) are the only 
reducibility relations with respect to the constraints ([1]). These constraints 
are purely second class if any maximal, independent set of Mq — Mi constraint 
functions xa = 1, • • • , — Mi) among the Xao is such that the matrix 

cS = [Xa,Xb], (3) 

is invertible. Here and in the following the symbol [, ] denotes the Poisson 
bracket. In terms of independent constraints, the Dirac bracket takes the 
form 

[F, Gf> = [F, G] - [F, xa] mW^^ [xb, G] , (4) 

where M'-^^^^ ~ 6"^^. In the previous relations we introduced an extra 
index, (1), having the role to emphasize that the Dirac bracket is based 
on a first-order reducible second-class constraint set. We can rewrite the 
Dirac bracket (jl]) without finding a definite subset of independent second- 
class constraints as follows. We start with the matrix 

which clearly is not invertible because 

If is a solution to the equation 

(7) 

then we can introduce a matrix [6j M*^^^""^" through the relation 

A/f{l)"o/3o/^(l) xao _ yao ^ "1 — ^"0 (q\ 

'^/3o70 ~ " 70 ^ aiSo - " 70' \°) 

with M(^)"o* = -M^^^'^o"". Then, formula [S] 

[F, G] = [F, G] - [F, Xao] M^'^^f'^ [x^, , G] , (9) 
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defines the same Dirac bracket like (jlj) on the surface ([T]). We remark that 
there exist some ambiguities in defining the matrix M^^^°'°^'^ since if we make 
the transformation 

j^{i)aoA _^ jvf(i)ao/3o _^ Z"°^g°i^iZ^^^, (10) 

with g^i/^i some completely antisymmetric functions, then equation ([S]) is still 
satisfied. 

At this stage it is useful to make some comments. First, we remark that 
relations ([7]) and ([8]) yield 

M(^)ao^ocW^Z\^0, (11) 

which ensures the fact that the rank of M^^^°'°^"Cj^J^^ is equal to the number 
of independent second-class constraints, i.e., 

rank (m^^^^o^C^^^!^^ j ^ Mq - Mi. (12) 
Second, by means of ([8]) we deduce the relation 

[Xao,G]«*^-<^[Z* ,G]x/5o, (13) 

which ensures 

[x^^,Gf>- = 0, for any G, (14) 

on the second-class surface, as required by the general properties of the Dirac 
bracket. Third, we remark that, in spite of the fact that the matrix C^^^^^ 
is not invertible, the Dirac bracket expressed by ([9]) still satisfies Jacobi's 
identity 



[F,Gf^\P\" +\[P,F]''>\Gr + \ [G,Pf'>\Fr ' ^0 (15) 

on surface ([1]). The proof follows the same line like in the irreducible case. 
Let 

F = F + uf'°Xpo, (16) 

be a function such that 

[F,Xao]^0- (17) 

Thus, in order to construct F we must solve the equation 

(18) 
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1(1)* 



i(i)* 



-1(1)* 



1(1)* 



1(1)* 



Based on 



anXXo Xao i 



(19) 



it follows in a simple manner that the solution to equation (fTS!) is given by 

m'3» = [F,xao]mW*'°, (20) 

which further leads to 

F = F+[F,XA]M«"°''"Xao- (21) 
Relying on (fT9|) and (12T|) . by direct computation we arrive at the relation 



(1)* 



P 



(1)* 



f22) 



which indicates that identity f|T5|) is ensured by Jacobi's identity correspond- 
ing to the Poisson bracket for the functions F, G and P. We mention that 
the key point of the proof of Jacobi's identity f[T^ is represented by relation 



2.2 Irreducible analysis of first-order reducible second- 
class constraints 

First-order reducible second-class constraints can be approached in an irre- 
ducible manner, as it has been shown in [10]. To this end, one starts from 
the solution to equation ([7]) 

<^ = 5%<S (23) 

where a„^^ are some functions chosen such that 

rank(Z"°^aJ^) =Mi (24) 

and -D^^^ stands for the inverse of Z'^^^a^^ . In order to develop an irreducible 
approach it is necessary to enlarge the original phase space with some new 
variables (^aj^^^i jv/i' endowed with the Poisson brackets 

[Y^„Yp,] = T^,p„ (25) 
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where T^iiSi are the elements of an invertible, antisymmetric matrix that 
may depend on the newly added variables. Consequently, one constructs the 
constraints 

Xao = Xao + O^p^l^i ~ 0, (26) 

which are second-class and, essentially, irreducible. Following the line ex- 
posed in [IQ\ it can be shown that the Dirac bracket associated with the 
irreducible constraints takes the form 



[F, Gf> = [F, G] - [F, xao] foo, G] , (27) 

ircd 

and it is (weakly) equal to the original Dirac bracket (jl]), 

[F,Gf^* ^ [F,Gf^* . (28) 

ired 

In ([57]) the quantities ^(^)"o^o are the elements of an invertible, antisymmetric 
matrix, expressed by 

^{l)ao/3o ^ ^(l)"0/3o ^ Z\D\T'^'^W''\^Z'^°^, (29) 

with r^i'^i the inverse of Tq,^^^. Formula fl28l) is essential in our context 
because it proves that one can indeed approach first-order reducible second- 
class constraints in an irreducible fashion. 



3 Second-order reducible second-class constraints 
3.1 Reducible approach 

3.1.1 Dirac bracket for second-order reducible second-class con- 
straints 

In the following we will generalize the previous approach to the case of 
second-order reducible second-class constraints. This means that not all 
of the first-order reducibility functions Z°'°_^ are independent. Beside the 
first-order reducibility relations ([2]), there appear also the second-order re- 
ducibility relations 

^"a.^%~0, a2 = l,...,M2. (30) 
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We will assume that the reducibility stops at order 2, so the functions Z^^^ 
are by hypothesis taken to be independent. It is understood that Z'^^^^s 
define a complete set of reducibility functions for . In this situation, the 
number of independent second-class constraints is equal to Mq — Mi + M2. 
As a consequence, we can work with a Dirac bracket of the type (j4]), but in 
terms of Mq — Mi + M2 independent functions xa 

[F,Gf> = [F,G]-[F,xa]M(''>^''[Xb,G], A=l,...,Mo-Mi + M2, (31) 
where M^'^^^^C^^l ^ 6^(j, with C^^^ = [xa, Xb]- It is obvious that the matrix 

cZo = lXa,,X^o] (32) 

satisfies the relations 

ZVZo ^ 0' (33) 

so its rank is equal to Mq — Mi + M2. 
Let be a solution of the equation 

Z'^k^a? ^ (34) 
and oJfB^-y^ = — ti^7i/3i a solution to 

^ ft^ft7i ^ 0. (35) 
We define an antisjnnmetric matrix cD"^^^ through the relation 

u Up^^^ ~ d - Z ^^A^^ = ^ i-L- 

Taking ([35]) into account, it results that Cj°-^^^ contains some ambiguities, 
namely it is defined up to the transformation 

^"i/3i _ ^"i/3i + Z'^'^^q'^^'^^Z^^, (37) 

with g"2/32 gome arbitrary, antisymmetric functions. On the other hand, 
simple computation shows that the matrix -D"^^ satisfies the properties 

KTD\ ^ 0, Z\D\^Q, (38) 
ZZD\ ^ ZX. D\D\^D\. (39) 
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Based on the latter formula from fl38l) we infer an alternative expression for 
D'^li^i namely 

(40) 

for some functions . From the former relation in fl39l) and fj40|) we deduce 
that 

z^;d";~o, (41) 

where 

(42) 

At this stage, we can rewrite the Dirac bracket (1311) without separating a 
specific subset of independent constraints. In view of this, we introduce an 
antisymmetric matrix M*^^^"""^" through the relation 

M(2)"o/3oc^^)^^^Z)-o^, (43) 

such that formula 

[F, G\ = [F, G] - [F, xao] M(2)"°^° [x,o , G] (44) 

defines the same Dirac bracket like (13T|) on the surface ([1]). It is simple to 
see that M*-^^""^" also contains some ambiguities, being defined up to the 
transformation 

^(2)aof3o _^ ^(2)ao/3o + ^0.0^ ^a,p, ^ ^45^ 

with some antisymmetric, but otherwise arbitrary functions. Relations 
f lHU]) and dH]) ensure that 

rank (D"«J ^ Mq - M, + M2, (46) 

so the rank of M^'^'>°'°^''Cj^J^^ is equal to the number of independent second- 
class constraints also in the presence of the second-order reducibility. At the 
same time, we have that 

[Xao.Gf^*^-KT[Z^'a..G]xfSo, (47) 

so we recover the property [XaojG]^"^^* = (for any G) on the surface of 
second-order reducible second-class constraints. The fact the Dirac bracket 
given by (jUj) satisfies Jacobi's identity can be proved like in the first-order 
reducible case. The analogous of the key relation f|T9l) from the first-order 
reducible situation is now D^^^Xao = X'yo- 
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3.1.2 Dirac bracket in terms of an invertible matrix 

Before expressing the Dirac bracket in terms of an invertible matrix, we will 
analyze equations (IMl) and fl35|) . The solution to flMl) can be written as 

AJ^^- ^ D'^lAj^\ (48) 

where Aj"^ are some functions chosen such that the matrix 



D'l = Z^A'^ (49) 



132 (32 ai 

is of maximum rank, 

rank (D^^ J = Ms, (50) 
with i^"^^ inverse of ^^^Jll- Then, on the one hand we have that 

DX ^ - Z-^^DJA^^^ (51) 

and on the other hand (inserting PHI) in the former relation from (|38|) ) we 
can write 

AZ'DX ^ 0. (52) 
Substituting (HUI) in (1521) . we are led to 

which further implies 

A^IW^},^ ^ AJ^^\ (54) 

Based on the latter formula from (138!) . we find that the solution to (!35|) can 
be expressed as 

^^3,,, (55) 



^Strictly speaking, the solution to (|34)) has the general form ^q,"^ « D'^\^A^'^ + 
"""ao^""! '^"^'^^'^AiQi , where and v"^'*'^ are arbitrary functions. By making the 

redefinitions u"^^ = D"l^u\^ and v"^^^ = D'^l^v^^^\ with u^^^ and u^^^i arbitrary, 
we can set ^^^^ the form A^'l'' « i^"^^ (A^^^ + u^Z""^^ + v^^^^ux^at) ■ On the other 
hand, the functions Aj^"^ with the property that the rank of matrix (|49p is maximum are 
defined up to the transformation Aj^^ A'^^-^ = A^^^ + t\Z"-^^ + X^^^^ujx^at, in the 
sense that A/^^ « A' where and A^^-^^ are also arbitrary. Thus, we can 
always absorb the quantity u^a,^Z°'^_^ + v^'^'^^Cox^ai from Aq,"^ by redefining A^^^, such 
that we finally obtain solution (|48)) . 
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where uj^Xi is antisymmetric. Acting with on and taking into 

account and we reach the equation 

c:;"^^^^!;^,^, p« 0, (56) 

whose solution can be chosen a^ 

^ai/3i ^ ^ai^^Piai^ft^^ (57) 

with ujP^'^^ antisymmetric. With the help of (!52|) and (1571) . it is easy to see 
that 

Except from being antisymmetric, the matrices WnAi and ujP'^'^^ are arbitrary 
at this point. Nevertheless, they can be chosen to satisfy a series of useful 
properties, as the next theorem proves. 

Theorem 1 The matrices of elements ^I'nAi o-nd ujP^'^^ can always he taken 
to satisfy the following properties: 

(a) (weak) invertibility, 

(b ) fulfillment of relation 

uP^^^D\up,^,^D\, (59) 

(c) (weak) mutual invertibility 

uP''^^u,,^,^5\. (60) 

Proof, (a) Replacing the latter formula from (I39p in (1551) and (1571) . we infer 
the relations 

D\^r.x,D\ ^ D\u,,,,D%, (61) 
D'^l^ujP^^^D^ ^ D'^iy^'^'D^, (62) 

with the help of which we further deduce 

^nA. ^ Ur,x,+D'^l^A;[-u,,,,A^\-D\, (63) 
^Piai ^ ujP^''' + Z^l^u''^'^'' (64) 

^In fact, the general solution of ^ is given by w^i'^i = D°'^^CjP^'^^ D^^^ + 
Z"^^u°'^'^^ Z^jj^, with u"^^^ arbitrary, antisymmetric functions. Since lj"^'^^ are defined 
up to transformation p7|) . we can always absorb the terms Z^^^u'^^'^^Z''^^ through a 
redefinition of di"'-^^ and finally arrive at l|57|) . 
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for some antisymmetric matrices 00^212 <^"^^^, taken to be invertible. Each 
of the terms from the right-hand sides of formulae fl63l) and fl64p display null 
vectors. The null vectors of cD^^Ai and QjP^"^ are and A^^ respectively 
(see (ESD and ([SHDfl, while the null vectors of D^l^Aj^^u^^^^A^^D^ and 
Z''^^uj°''^^^ Z'^p^ are given by ^4;^^^ and respectively Z'^°^. For this reason, the 
only candidates for null vectors of cDnAi and ojP^"^ are on the one hand Z'^^^ 
and Ap'^'^ respectively and on the other hand A^^^ and Z°'°_^ respectively. We 
show that none of these candidates are null vectors. Indeed, from (!63|) and 
(EH) we find 



Z^^^cD^.A, ^ D-l^A^;^u^,^,^A^^^u^,^„ (65) 
^^P2^Piai ^ D^^^cu^^^^Z'^i^. (66) 

Since D^^l^^, cUo-jqj and oj"^^^ are invertible, they have no nontrivial null vec- 
tors. On the other hand, the matrix Z^J^^AJ^^ is of maximum rank (see flM|) ). 
so neither A^'^^ nor Z'^J^^ can display nontrivial null vectors (i.e. there are 
no nontrivial functions 6^2 or tt^^ such that A^'^^6„^ ^ or Z'^J^^n^^ ^ 0). In 
consequence, the objects Z^^^UnXi and A^'^'^ojf^"^ from (jHSD and fIBB]) cannot 
vanish, and therefore the matrices u^nXi and u^^'^^ do not have the functions 

and Ap^'^ as null vectors respectively. Multiplying (!63|) and (IMI) by 
and Z'^°_^ respectively, we infer the relations 

^ (67) 

The right-hand sides of (16 7p and (1681) vanish for 

^Piai ^ Z^'i/^^^^Z'^^^, (70) 

where 50-272 f°2/32 g^j^g antisymmetric. It is simple to see that cJnXi and 
^pio-i gjygj^ (|(j9p a,nd (170]) cannot be brought to the form expressed by 
relations fl55|) and fl57|) respectively for any choice of £0-272 5^2/32 _ Thus, 

''The most general form of the null vectors of the matrices oJtiXi and (2iP'^°'^ is Z^^^v"^ 
and ApP^^p^ respectively, with v"''^ and some arbitrary functions, but this does not 
affect our proof. 



TlAl 



A() 



^Piai^o-o 
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it follows that relations (1^ and (1701) cannot hold, such that uj^^Xi^x^^ 
^pio-i^CTo^ do not vanish. Therefore, neither tDnAi nor oj''^'^^ (expressed by 
(E3]) and respectively) have the functions ^4^^^^ and Z'^°_^ as null vectors 
respectively, so they are invertible. This proves (a), 
(b) By straightforward computation, it results 



CjPi-id\ ^ ujP'^\ (71) 
u^^^^Co^^x, ^ u^^^^up,x,^D\, (72) 



and hence 



u^^'^^D^l^up.x.^D^, (73) 



which proves (b). 

(c) Taking into account formulae fl35p . fl5^ and 0581] . from relations 0631) 
and (EH) we find 



^^-^(i.,., ^ D^^^ + Z^l^uj'^-^-up,,,A,\^D\. (74) 
Now, we take the matrices ^^2-^2 ^'^d a;"^^^ to be mutually inverse, namely 

u--P-up2,2^^X- (75) 

Substituting (1751) into (!74|) and recalling formula (ISTI) . we deduce ( 160|) . This 
proves (c).n 

With these elements at hand, the next theorem is shown to hold. 

Theorem 2 There exists an invertible, antisymmetric matrix 
terms of which the Dirac bracket ( [771 ) becomes 

[F, Gf> = [F, G] - [F, xao] [X/3o, G] (76) 

on the surface (Q]). 

Proof. First, we observe that D^^^^ given in (H2|) is a projector 

^"70^1. ^ (77) 

and satisfies the relations 

^,^^D°;^0, D°;x«o^X7o- (78) 
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Multiplying by A^'^ and using (175]) . we obtain the equation 

^jiM(^)-o'^"C|)^^0, (79) 

which then leads to 

for some functions /ti^i. Acting with D'^"^^ on (1801) and taking into account 
(HTj) . we reach the relation 

^jlj\^(2)ao/3o^ro^^ ^0, (81) 

which combined with the former formula in (1781) produces 

for some A"^"^". Applying now D'^°ao P3i) and employing relation (l82l) . we 
deduce 

^ ao*-^/3o70 ~ ^ 70- l*"^^ 

On the other hand, the latter formula from fl75]) ensures that 

r)/3o /;(2) ^ (ji2) (gA) 

such that with the aid of the results expressed by (155]) and (IM|) we find 

-A^°"°C£)^„^I^^. (85) 

Comparing (185|) with fH3|) and recalling that the elements M*^^)°°* are defined 
up to transformation (1451) . we infer the relation 

which inserted in ( 152]) provides the equation 

Using once more the fact that the elements M'^^^^'^'^o are defined up to (I45p . 
from (1571) it results 
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where the elements ^(2)-'*o°'o define an antisymmetric matrix. Based on the 
former formula from fl78p and on relation (1881) . we infer 

^ji^(2)ao/3o ^ 0. (89) 

Replacing (I77j) in fl88l) . we arrive at 
which leads to 

^(2)Ao<7o _ ^j{2)Aoao _^ Z^Vt^^"^ Z^l^, (91) 

for some antisymmetric functions VL^^^^ . At this point we show that the 
matrix ^(2)-^oo-o indeed be taken to be invertible. If we choose Q}'^'^^ as 
Q,^^'^^ = Co^'^"'^ , where d)^^'^^ is precisely the invertible matrix given in (|6^ . 
we get 

^{2)Ao<7o _ ^(2)Ao<7o _^ Z^U^^""^ Z^l^. (92) 

In the following, we show that the matrix of elements 

/^Spo^^So+^r^Px^iV' (93) 

with cDpin the invertible matrix from (IMj) . is nothing but the inverse of jjP^'f-^'^'^o 
expressed in fl92|) . Indeed, relying on relations fl33|) . fj40l) . fH3|) and fl89|) . by 
direct computation we find 

Employing Theorem [1] (see ( l59l) ) and the former equation in (l39l) . we deduce 
the relation 

^'^.'^'^'^^^^'^Pin V ^ ^'a.^'^. V ^ Z\A^l\ (95) 
which replaced in reduces to 

/i^'^'°'^vSio^<^';. (96) 

The above formula proves that the matrix of elements ^^'^^^o'^o from (!92|) is 
(weakly) invertible and therefore completes the proof of this theorem. □ 

Formula ( |76l) plays a key role in what follows. It allows one to express 
the original Dirac bracket fl3Tl) . initially written only in terms of a subset 
of independent second-class constraint functions, with the help of an in- 
vertible matrix, whose indices cover the whole set of reducible second-class 
constraints. Inspired by this result, we will be able to find an irreducible 
second-class constraint set, whose Dirac bracket is (weakly) equal to (1751) . 
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3.2 Irreducible approach 
3.2.1 Intermediate system 

Now, we introduce some new variables, {yai)ai=i independent of the 
original phase-space variables z", with the Poisson brackets 

= Wai/3i, (97) 

where the elements uJa^f^i define an invertible, antisymmetric (but otherwise 
arbitrary) matrix^, and consider the system subject to the reducible second- 
class constraints 

Xao ^ 0, y^, ^ 0. (98) 

The system subject to the second-class constraints (1981) will be called an 
intermediate system in what follows. The Dirac bracket on the larger phase 
space, locally described by {z"',yai), corresponding to the above second-class 
constraints reads as 



[F, G] = [F, G] - [F, x.o] [XA, , G] - [F, y„ J a;"^^^ [yp, , G] , (99) 



z,y 



where the Poisson brackets from the right-hand side of fl99l) contain deriva- 
tives with respect to all z"'s and y^i's, and a;"^^^ denotes the elements of 
the inverse of uJaiPi- On the one hand, the most general form of a smooth 
function defined on the phase space with the local coordinates {z"-,yon) is 

F (z^ = Fo {z'^) + 6"^ {z'^) yx, + b^'"' {z^ yx.yp, + • • • , (100) 

for some smooth functions etc. On the other hand, direct 

computation yields 

[F^Gf')* ^[F„Gof'>\ (101) 

where the previous weak equality is defined on the surface fl98|) . Moreover, 
equations ([1]) and fl98l) describe the same surface, but embedded in phase 
spaces of different dimensions. In other words, equations ([1]) and fl98|) are 
equivalent descriptions of the same surface of constraints. For this reason, 
we will employ the same symbol of weak equality for both description^. 



^The elements tOaiPi may depend at most on the newly added variables, just like the 
objects ^aiPi from Section [^T^ 

^It is understood that if we work with functions defined on the phase space of coordi- 
nates z"", then we employ representation ([T]), but if we work with functions of (z°,?/q,j), 
then we use (l98l). 
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Inserting fllOOl) in (1^ and taking fllUip into account, we obtain 



[F,Gf''* ^[F,Gf^*. (102) 



z,y 



We recall that the Dirac bracket [F,G]^'^^* contains only derivatives with 
respect to the original variables z". 

Formula fll02p is important since together with fl76|) it opens the perspec- 
tive towards the construction of an irreducible second-class constraint system 
associated with the original, second-order reducible one, but on the larger 
phase space {z°',yai). 

3.2.2 Irreducible system 

Now, we choose oj^iAi from (1971) such that 

Uo.,p,=E\u,,y^,E\, (103) 

for an invertible matrix, of elements , with the help of which we introduce 
the functions 

Then, we have that 

^ ^ai^^^irig/3i^^ (105) 

where e"^^ is the inverse of E'^a_^ ■ By means of fll04p we find 

AJ^^-=AJ';e%^. (106) 
In this context the following theorem can be shown to hold. 
Theorem 3 The elements e"^^ and E'^^p^ can always he taken such that 

E-l^D\e\^D\. (107) 
Proof. We choose such that 

A^"^^=a^,p,a--^^Z%^, (108) 
where cTqq^p is invertible and 0""^^^ is invertible and symmetric. If we take 
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with cr"2^2 invertible and cTq^ Ai the inverse of cr^i^i, then we obtain that 
is satisfiec|§. Employing fll08l) - fll09p and recalhng (I5UI) we get 

AaTA^T^O- (110) 
Expressing the first-order reducibihty functions from f ll08l) - fll09p 

^ ai — ^ai/3i^/3o ' ^ Aa ~ ^ ^Aara^n > U-^J-J 

where 0""°^° and the inverses of (JaoPo and respectively cr"^^^, we 

deduce 

Formula fllOSp can be rewritten as oj°'^^'^ = e^^'^^cDo-ine'^^^S with cUo-m = 
Caipi'-^^^'^^'^'nTi and e^i""^ = e"j^ cr'^i"'^ Because the matrix cXo-ipi is symmetric 
and uj''^'^^ antisymmetric, it follows that Wcrin is antisymmetric. The anti- 
symmetry property of both d)"i'^i and li^o-in implies that the quantities e"^""^ 
can be taken to be symmetric0 

By means of (11130 we infer cTa^/j^e'^j^^a^^'^i = e^^^^, such that from (11120 (and 
also (I106p ) we find the relation 

veto v^i _ ^ao/3o„^ A ^'^ A '^'^ (^^A'\ 

Substituting now (153|) in (11140 we obtain 

Z"°^el^Z^j^^^O. (115) 

With relations (IllOp and (11150 at hand, we are in the position to prove (I107p . 
If we make the notation 

b\ = eXD\E\, (116) 



^With this choice of A^'^'', we have that = Z\ac^x^z\cj°'^P\ Because Z\ 

ai 7A1 



has no nontrivial nuU vectors, it follows that the matrix of elements Z"^ aa-^XiZ^l is 



invertible. On the other hand, by hypothesis invertible, so -D"!^ same, as 

required by ([50]) . 

^The other possibility, namely the antisymmetry of e"^°^^, will not be considered in the 
sequel. 
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then it is easy to see that D"^^ is a projector 

D\D\^DX. (117) 
On the other hand, with the aid of (11041) and (IllOp we deduce 

A£;b\^A^-^\ (118) 

Applying Z^^^ on (I116p and using (11151) it follows 

ZZ,D\^Z\. (119) 

Multiplying (11181) with Z°"^^ and respectively (11191) with we reach the 
equations 

D\D%^ ^ D^l^, D\b%^ ^ D^l^. (120) 
The general solution to equations (11201) can be represented like 

D\^D-l^ + Z-lM%A^l\ (121) 

for some matrix M^^^. Direct computation shows that 

D\b\ ^ D\ + Z\M\D\MPi.^A^[\ (122) 

Comparing (11221) with (I117p and employing (I12ip we find that M^^^ are 
solutions to the equations 

Z\M\D\M^l^A^[^ ^ ZXM%A,l\ (123) 

It is simple to see that equations (11230 possess two kinds of solutions, namely 

M% = 0, (124) 

and respectively 

M%=D%. (125) 
If we take the second solution, fn:24# l. from ([m]) we obtain 

D-^D-, (126) 



^Solution (fT25l) leads to the equation e"^^ D'^^.^ i?""^^ w S"^^. This further provides the 
relation -D'^^^ ~ ^"pi^ which contradicts ([51]) . 
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which ensures fllU7l) . This proves the theorem. □ 

Inserting fll03p - fll05l) in (13^ and recalhng fllU7p it is easy to deduce the 
relation 

u'^^^W'^^^u^.f,, ^ D\. (127) 

On the other hand, formulas ffT03|) - ffT05D indicate that /i(2)^o^o ^nd ^i^aopo 
provided by fl92l) - fl93l) take the form 

^(2)Aoao _ M^^'^^"'''' + zXe^LU^'^'e^Z''^^, (128) 

-"Spo ^ C7So+^.r^p.n^po"- (129) 



At these point we have all the necessary ingredients (objects and their 
properties) for unfolding the irreducible approach. We introduce the con- 
straints 

Xao = Xao + ~ 0' Xa, = Z'^^^y^, ^ 0, (130) 

defined on the larger phase-space (z^, ^q, J . In the sequel we show that Uy(J\) 
display all the desired properties: equivalence with the intermediate system 
( !98|) . second-class behaviour, irreducibility, and, most important, the associ- 
ated Dirac bracket coincides (weakly) with the original one, corresponding 
to the second-order reducible second-class constraints. The proof of all these 
properties is contained within the next two theorems. 



Theorem 4 Constraints i l30\) exhibit the following properties: 

(i) equivalence to [9B^) . z.eo 

Xao ~ 0, Xa2 ~ ^ Xao ~ 0, ^ 0; (131) 

(ii) second-class behaviour, i.e. the matrix 

Caa' = [xa,Xa'], (132) 

is invertible, where 

XA = (XacXaa) ; (133) 

(Hi) irreducibility. 



^Due to the equivalence (|13ip . in what foUows we will use the same symbol of weak 
equality in relation with each constraint set ((98|) and respectively p30p . 
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Proof, (i) It is easy to see that if (lUSi) holds, then fll30p also holds 

Xao ~ 0, y^^^O^ Xao ~ 0, Xa2 ~ 0. (134) 

By means of relations (I104p and fll07p . from (11300 we infer 

Xao = ^*oX/3o, = ^";e^a,Xao + Af^Wj^x^,. (135) 
From (11351) we obtain that if (I130p is satisfied, then (l98ll is also valid 

Xao ~ 0, Xa2 ~ ^ Xao ~ 0, y^^ ~ 0. (136) 

Relations (11341) and (11360 proves (i). 

(ii) By means of (11300 and (I135p we find the Poisson brackets among the 
functions xa in the form 

[Xao,Xl3o] - /^S/3o' [Xao>X/32] ~ ^ar^°i/3i^^/32' (^37) 
[X.2,Xft] ^ (138) 

where //^q^q is given by (11290 . Then, the matrix Caa' takes the concrete 
form 



(2) A n^0i 

r; \ f^aol3o ^ao ^aif3i^ (32 \ Qq^ 

a2^«i/3l^/3o ^ a2'^aiA'^ /32 



where A = {ao,a2) indexes the line and A' = the column. In order 

to prove that Caa' is invertible we will simply exhibit its inverse. Direct 
computation based on relations (fTOT]) . (fTTOD . (fTTSj) . ffT270 . and ffT28|) shows 
that 

\ A2 0^1 Ai 71 A2 CTl Al T2 / 

with ^(2)ft)po g^g (11290 satisfies the relations 

and hence the matrix of elements (11390 is invertible, its inverse being precisely 
(I14O0 . This proves (ii). 
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(iii) As the matrix fll39p is invertible, it possesses no nontrivial null vec- 
tors. In consequence, the functions xa are all independent, so the constraint 
set ( 11301) is indeed irreducible. This proves (iii). □ 

By means of result (11401) . the Dirac bracket associated with the irreducible 
second-class constraints (llSOp 



takes the concrete form 



ired 



(142) 



[F,G] 



(2)* 



ired 



vao 271 ^ 



fji A 



Ax?D%[x,,,G]. (143) 



We observe that the first line from the right-hand side of (I143p is generated 
by the first-order reducibility relations (see fl27|) ). while the remaining terms 
are due to the second-order reducibility functions. Together with (11300 for- 
mula ^143^ is the corner stone of our irreducible approach. We will show 
that it coincides (weakly) with the Dirac bracket of the intermediate system, 
and therefore with the original Dirac bracket for the second-order reducible 
second-class constraints. 



Theorem 5 The Dirac bracket with respect to the irreducible second-class 
constraints, (TJ^, coincides with that of the intermediate system 



{F,G] 



(2)* 



ired 



[F,G] 



(2)* 



(144) 



z,y 



Proof. In order to prove the theorem we start from the right-hand side of 
(11431) and show that it is weakly equal to the right-hand side of fl99|) . Using 
relations ffTOD . ffTOTI) . ffT28D . and ffT29|) . by direct computation we find that 

[F, Xao] [X^o , G] ^ [F, x.o] l^^'^"'^" [X/30 , G] + 



[F,Xao]ZZe\u;^'''A-W%[xp„G] ^ 



Q.I .(TlAl 



(146) 
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^'w\[y^„G], (147) 
[F, xa,] DXA^'^-u'^^'^A,:^D% [XA, G] ^ [F, y.J (C, - ^"^J x 



Inserting the above relations into (11431) . we find (11441) . This proves the the- 
orem. □ 

3.3 Main result 

Combining (11021) and (11441) we reach the result 

[F,Gf^* ^ [F,Gf^* . (149) 

ired 

The last formula proves that we can approach second-order reducible second- 
class constraints in an irreducible fashion. Thus, starting with the second- 
order reducible constraints ([T]) we construct the irreducible constraints (I130p . 
whose Poisson brackets form an invertible matrix. Formula (11491) ensures that 
the Dirac bracket within the irreducible setting coincides with that from the 
reducible version. This is the main result of the present paper. 

Moreover, the new variables, j/oi, do not affect the irreducible Dirac 

bracket as from (11431) we have that [^/^i, F]*-^-** ^ 0. Thus, the equations of 

ired 

motion for the original reducible system can be written as ~ [z"", jjjC^)* ^ 

ired 

where H is the canonical Hamiltonian. The equations of motion for y^-^ read 
as ijai ~ 0, and lead to ya^ = by taking some appropriate boundary con- 
ditions (vacuum to vacuum) for these unphysical variables. This completes 
the general procedure. 



4 Example 

We exemplify the general results exposed in the above in the case of a field 
theory — gauge-fixed three-forms, subject to the second-class constraints 

- ( ) - 0- (150) 
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Thus, the constraints fllSUI) are second-stage reducible, the first-, respectively, 
second-stage reducibility matrices being given by 



with 

The matrix of the Poisson brackets among the constraints (11501) is expressed 
by 

/ AD^f* \ 

CaofSo = ( _A r)iii2 Q*^*^ ] ) (153) 

where 

^ti = 2 (^n. - A ] ' (^^^^ 

and A = 9*c)j. If we take 

•4.? = ( 2° ) . (155) 

we obtain 
such that 

4 



= !)■ (157) 

We remark that AJ^'^ given by (11551) can be expressed like in (11091) for 



= ( ^} ] (158) 



a-^^ = ( ? i ) . (159) 



and 

^02/32 _ / 

X 1 

With the help of and (Il55])-([l57D, from we find that 

D'^L 



D\=[ j^h (160) 
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where 



(161) 



On the other hand, we can set -D"^^ in the form expressed by fHOl) by choosing 



1 yki 

2A «3«4 







(162) 



Then, it is easy to see that 



2A" fei " [14 *3] 









(163) 



such that with the aid of fH2l) we find 



/3o 



D^^.-'* 



(164) 



Based on the fact that D^^i^- is a projector, i.e. 



«3i4 ili2 jlj2 ' 



(165) 



from (H3l) and (11531) we obtain that 



^(2)ao/3o 





J_ 7-)i3j4 

A-^ iU2 



._L r)*i*2 

A i3i4 





(166) 



With the help of (jH]) and fll66p we have that the fundamental Dirac brackets 
read as 

[A'^' (x) , vr,,,,, (y)] = D%,,,S^-' (x - y) , (167) 



(2)* 



0, [TTijk (x) , TTi'j^k' (2/)]io=^o = 0, (168) 



where D^-'^J-n., is also a projector, expressed by 



^ i'j'k' 



sri d " - h h ^» j' k'] 

' [^'^ j''^ k'] ^ 



(169) 
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Formula (155]) together with (11641) and (I166p provides 

^(^)-^o=i -^^y\ ), (170) 

2A^ [ji^ j2] ^ 

which clearly exhibits that invertible. By computing the funda- 

mental Dirac brackets with the help of ( 1761) (with ^(2)ao/3o given by ( 11701) ) we 
reobtain precisely ( I167I) -( 1T68|) . 

On the other hand, using the former relation in (I15ip as well as (I166p and 
( IT70D into ([92]) produces 

U^^^^ = _ r 2A^^ . (171) 

V 2A2" ni " / 

Simple computation shows that u'^'^'''^ given in (I17ip is in agreement with 
( 1T05D if we take 

/ -— \ 

- ( -0 " -in. ) 

and 

c.-- = ( ^O")- ^^^^^ 

Consequently, the inverse of of the form ( I172p reads as 

= f \ 

"1 V -'^''.1^ J ■ 

Using (I160p . (I172p . and (11741) we deduce that relation (11071) is automatically 
verified. Based on formula (I104p . from (I162p and (11741) it follows that 

= ( ^q''' _ilnn ) • (175) 

We remark that A^'^^ from (11751) is expressed like in (11081) for a"^^^ taken as 
the inverse of (11581) and 

4 [is j4] 
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The variables in the case of the model under investigation are given by 

Va. = ( ) , (177) 

where is a vector field and vr^ its momentum, conjugated in the Poisson 
bracket induced by (11731) . Replacing fllSOp . (11751) . and (11771) in the first 
relation from (11301) . we find the concrete form of the irreducible constraints 

Xao ~ 

xS, = -3a^^7r,3,,,,-%^,,]^0, (178) 

~{2)iU2 = _5^.^^J3iU2 _ l^bi^i2] ^ 0. (179) 

Substituting the second relation from (I15ip together with (I177P in the second 
formula from (11301) we find the irreducible constraints ~ for the model 
under study as 

X^^) = d'^TTk, ^ 0, x^'^ = di,A'^ ~ 0. (180) 

At this stage we have constructed all the objects entering the structure of 
the irreducible Dirac bracket (11430 . It is essential to remark that the ir- 
reducible second-class constraints are local. If we construct the irreducible 
Dirac bracket and evaluate the fundamental Dirac brackets among the orig- 
inal variables, then we finally obtain that these are expressed by relations 
(I167l) - (ll68p . This completes the analysis of gauge-fixed three- form gauge 
fields. 

5 Conclusion 

To conclude with, in this paper we have exposed an irreducible procedure for 
approaching systems with second-order reducible second-class constraints. 
Our strategy includes three main steps. First, we express the Dirac bracket 
for the reducible system in terms of an invertible matrix. Second, we es- 
tablish the equality between this Dirac bracket and that corresponding to 
the intermediate theory, based on the constraints (p8|) . Third, we prove that 
there exists an irreducible second-class constraint set equivalent with (l98l) 
such that the corresponding Dirac brackets coincide. These three steps en- 
force the fact that the fundamental Dirac brackets with respect to the original 
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variables derived within the irreducible and original reducible settings coin- 
cide. Moreover, the newly added variables do not affect the Dirac brack;et, 
so the canonical approach to the initial reducible system can be developed 
in terms of the Dirac bracket corresponding to the irreducible theory. The 
general procedure was exemplified on gauge-fixed three-forms. Our proce- 
dure does not spoil other important symmetries of the original system, such 
as spacetime locality for second-class field theories. 
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